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We propose a class of stationary color magnetic solutions in a pure quantum chromodynamics
(QCD) which are stable under gluon quantum fluctuations. This resolves a long-standing problem
of microscopic description of a stable non-trivial vacuum in a pure QCD. The solutions represent
fixed points in a full space of gauge fields under Weyl group transformations. An important feature
of the solutions is the phenomenon of Weyl invariant Abelian projection and Abelian dominance
in the vacuum structure. As an application of our approach we consider an effective Lagrangian of
pure Abelian glueballs in the presence of vacuum gluon condensate.
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There is a common belief that the origin of quark and
color confinement lies in the vacuum structure which pos-
sesses a number of important features. First, the vacuum
is formed by means of condensation of some topological
defects: monopoles [1–4], vortices [5–7], center vortices
[8–10], dyons [11] etc. A key long-standing problem in
such vacuum formation is the quantum instability of the
vacuum condensate [12, 13]. Another important property
is an intimate relationship between the gauge invariance
of the vacuum and color confinement [3]. At last, the
vacuum structure in the confinement phase should admit
the ‘t Hooft Abelian projection [4]. In this Letter we
describe microscopic vacuum structure in a pure QCD
which provides the main attributes of a true vacuum.
In perturbative QCD the one particle quantum states
(color gluons) do not represent physical observables. To
find classical solutions which produce possible physical
quantum states after quantization, we follow a guiding
principle formulated by H. Weyl: “Whenever you have
to do with a structure endowed entity Σ try to determine
its group of automorphisms... . After that, investigate
symmetric configurations of elements which are invariant
under a certain subgroup” [14]. In a case of the groupG =
SU(3) with a maximal Abelian subgroup H = U3(1) ×
U8(1) we look for solutions which are invariant under the
Weyl group of outer automorphisms {g ∈ G/H}.
We start with a standard SU(3) Yang-Mills type La-
grangian of a pure QCD (µ, ν = 0, 1, 2, 3; a = 1, ...8)
LYM = −1
4
F aµνF
aµν , (1)
A generalized axially symmetric Dashen-Hasslacher-
Neveu (DHN) ansatz [15, 16] for non-vanishing compo-
nents of the gauge potential Aaµ(r, θ, t) in the holonomic
basis reads
A2r = K1, A
2
θ = K2, A
1
ϕ = K4, A
2
t = K5,
A5r = Q1, A
5
θ = Q2, A
4
ϕ = Q4, A
5
t = Q5,
A7r = S1, A
7
θ = S2, A
6
ϕ = S4, A
7
t = S5,
A3ϕ = K3, A
8
ϕ = K8, (2)
where three sets of gauge fields Ki, Qi, Si (i = 1, 2, 4, 5)
with proper combinations of the Abelian fields K3,8 form
the DHN ansatz for each of three I, U, V type subgroups
SU(2) [17]. To implement the Weyl symmetry we impose
additional constraints
Q1,2,5 = −S1,2,5 = −K1,2,5, K3,8 = −
√
3
2
K4,
Q4 =
(− 1
2
+
√
3
2
)
K4, S4 =
(− 1
2
−
√
3
2
)
K4.(3)
The full ansatz (2, 3) is consistent with the original Yang-
Mills equations of motion and leads to four second or-
der differential equations and one constraint [18] which
admit a wide class of regular stationary solutions. A
special non-Abelian solution with a finite energy density
has been found recently in [16, 18]. We describe a general
class of regular solutions of non-Abelian and Abelian type
with a definite parity under the space reflection θ → pi−θ.
In the leading order of Fourier series decomposition the
solutions are well approximated by the following factor-
ized form with the numeric accuracy 1.5% (the source of
such a high accuracy is explained in [16])
K1,2,4(r, θ, t) = K˜1,2,4(Mr, θ) cos(Mt),
K5(r, θ, t) = K˜5(Mr, θ) sin(Mt), (4)
where M is a conformal mass scale parameter. A new
solution with the lowest non-trivial polar angle modes
is shown in Fig. 1a-d (numeric details are given in
[18]). The solution differs from the one obtianed in
[16] by an opposite parity of the fields K1,2,5, and it
has non-vanishing time averaged radial color magnetic
fields B¯3r = 〈F 3θϕ〉t = −3/4K˜2K˜4 and B¯8r = −B¯3r , Fig.
1e, which correspond to magnetic field distribution of a
non-topological monopole-antimonopole pair [16]. The
energy density of the solution is finite everywhere and
decreases along the radial direction as 1/r2, Fig. 1f.
The obtained solutions possess a nice feature, they are
invariant under the Weyl permutation group acting on
I, U, V sectors of SU(2) subgroups. The classical La-
grangian on the space of field configurations satisfying
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FIG. 1: Solution profile functions in the leading order: (a) K˜1;
(b) K˜2; (c) K˜4; (d) K˜5; (e) the time averaged radial color mag-
netic field B¯3r ; (f) the time averaged energy density E¯ (ρ, z) in
the plane (ρ, z) in cylindrical coordinates (g = 1,M = 1).
the ansatz (2,3) has an explicit Weyl symmetric form
LWeyl =
∑
p=1,2,3
{
− 1
6
(F pµν)
2 − 1
2
|∂µW pν − ∂νW pµ |2 −
9
4
[
(W ∗pµW pµ)
2 − (W ∗pµW ∗pµ )(W pνW pν )
]}
, (5)
where index “p” corresponds to I, U, V subgroups SU(2),
and we use complex notations for the gauge potentials
[18–20]. Note that ansatz (2, 3) fixes the local gauge
symmetry, however, the Lagrangian LWeyl and corre-
sponding solutions are still invariant under the action of
the finite Weyl color group. While the local gauge sym-
metry determines dynamical laws by means of equations
of motion, the global Weyl symmetry defines the symme-
try of physical states and observables. In a particular, the
Weyl symmetry implies an important identity, A3ϕ ≡ A8ϕ,
which determines an absolute minimum of the effective
potential [19, 20], i.e., the vacuum energy.
It is remarkable, the Weyl symmetric solutions reveal
the phenomenon of Abelian projection. To show this,
one observes that a regular single valued solution, Fig.
1, is uniquely defined (up to conformal scaling transfor-
mation) by an amplitude of the Abelian field K4 and
by a choice of θ-angle modes of the Fourier components
K˜i(r, θ), (4). The Abelian projection of the solution
corresponds to the limit of vanishing off-diagonal gauge
fields K1,2,5 with a remaining Abelian potential K4 which
satisfies the Maxwell type equation.
It is surprising, that the non-Abelian solutions pre-
sented in Fig. 1 and in [16] admit an Abelian dominance
effect. A careful numeric analysis shows that a contribu-
tion of the lowest θ-angle mode K˜4(Mr, θ) to the total
energy is 95% ± 1.5% [18]. The obtained value is very
close to the known estimate of Abelian dominance estab-
lished before only for the Wilson loop functional [21, 22].
Note that an Abelian gauge potential is not itself gauge
invariant. However, the Abelian projection, applied to
physical gauge invariant quantities like a a quantum ef-
fective action, produces gauge invariant results. It has
been proved, that a quantum effective action with an
Abelian external background field is invariant under local
gauge transformations [23]. We conclude, that the QCD
vacuum structure is determined by regular Weyl symmet-
ric Abelian solutions which represent fixed points in the
configuration space under the Weyl group transformation.
This is a direct evidence of the Abelian projection con-
jectured by ‘t Hooft [4]. The existence of Weyl symmet-
ric Abelian solutions might not be surprising, since the
Weyl group leaves the Abelian subgroup invariant by def-
inition. A surprising result is that there are non-Abelian
solutions which represent fixed points under the Weyl
group transformation in the whole configuration space of
SU(3) Lie algebra valued gauge fields.
So far we have considered a case of axially-symmetric
fileds. In a general case, the Weyl symmetric Abelian pro-
jected QCD is equivalent to an Abelian gauge theory with
a gauge potential Aµ = A
3,8
µ corresponding to a compact
structure group U(1). A complete set of spherical wave
solutions to the Maxwell equations is given by the vector
spherical harmonics (in a temporal gauge At = 0) [24, 25]
~Amlm =
1√
l(l + 1)
~Ljl(kr)Ylm(θ, ϕ)e
iωt,
~Aelm =
−i√
l(l + 1)
~∇× (~Ljl(kr)Ylm(θ, ϕ))eiωt,
~Allm =
1
k
~∇jl(kr)Ylm(θ, ϕ)eiωt, (6)
where ω = kc, { ~Am,e,llm } are eigenfunctions of the total
angular momentum operator with J = l ≥ 1, Jz = m,
and the superscripts m, e, l denote magnetic, electric and
longitudinal modes respectively. We neglect the longitu-
dinal mode as unphysical and keep only transverse modes
satisfying the constraints Div ~A = 0 and ~E · ~B ≡ 0. One
has still the Abelian dominance effect since the energy
spectrum of general stationary solutions is degenerated
with respect to the quantum number ′′m′′ due to invari-
ance under the group SO(3) of space rotations.
The most important step in establishing the vacuum
structure is to prove the quantum stability of Abelian
solutions (6) at microscopic level, i.e., in any small vicin-
3ity of each space-time point. We prove this by solving
a “Schro¨dinger” eigenvalue equation for quantum gluon
fluctuation modes Ψaµ [16]
K abµν Ψ
b
ν = λΨ
a
µ,
K abµν = −δabδµν∂2t − δµν(DρDρ)ab − 2facbF cµν , (7)
where the operator K abµν corresponds to one-loop gluon
contribution to the effective action [16], and Dµ,Fµν are
defined by means of background Abelian solution (6).
The existence of a negative eigenvalue λ would indicate to
the presence of an unstable mode which destabilizes the
vacuum. We solve numerically the eigenvalue equation
(7) with an axially-symmetric background Abelian field,
m = 0, for various values of the parameters (l,M) and
radial size L of the numeric space domain. Our numeric
analysis confirms the positiveness of the spectrum of the
operator Kabµν for parameter values l ≤ 4 and ν11 ≤M ≤
10, ν11 ≤ L ≤ 200. Typical time dependent fluctuation
modes corresponding to the lowest eigenvalue are shown
in Fig. 2 (details of calculation are enclosed in [18]). It
is somewhat unexpected, that standing wave solutions of
electric type are stable as well [18], contrary to a case
of constant chromoelectric field [26]. This proves that
transverse Abelian solutions (6) can serve as structural
elements of a stable vacuum.
(a) (b)
FIG. 2: Gluon fluctuation modes with the lowest eigenvalue
λ = 0.0292 for the vacuum magnetic field with (l = 1,m = 0):
(a) Ψ23; (b) Ψ
1
4 (g = 1,M = 1).
We quantize the Abelian solutions (6) in a finite space
region constrained by a sphere of radius a0 corresponding
to an effective glueball size. It is suitable to introduce di-
mensionless units M˜ = Ma0, x = r/a0, τ = t/a0. To find
proper boundary conditions we require that the Pointing
vector ~S = ~E × ~B vanishes on the sphere. This implies
two possible types of boundary conditions
(I) : ~Am,elm (M˜x)|x=1 = 0, M˜nl = µnl,
(II) : ∂r(r ~A
m,e
lm (M˜x))|x=1 = 0, M˜nl = νnl, (8)
where µnl are nodes of the Bessel function jl(r), and
νnl denote zeros of the function ∂r(rjl(r)), the integers
(n ≥ 1, l ≥ 1) are the main and orbital quantum num-
bers. Our approach resembles the old MIT bag mod-
els [27–29] where the energy spectrum of free glueballs
was obtained for the first time [30–32]. However, there
are principal differences between our formalism and bag
models: (i) we apply the Weyl symmetric Abelian projec-
tion which leads directly to physical quantum states; (ii)
in bag models one has to impose an additional constraint
nµF
µν = 0, (nµ = (0, ~n ≡ ~r/r)) [29] which prevents the
color charge to pass through the bag surface.
We choose the following normalization condition for
the vector harmonics ~Am,e
M˜lm
1
4pi
∫ 1
0
dx
∫
dθdϕx2 sin θ({ ~Am,e
M˜nllm
)2 =
1
M˜nl
. (9)
The standard canonical quantization results in the fol-
lowing Hamiltonian expressed in terms of the creation
and annihilation operators c±nl
H =
1
2
∑
n,l,m
M˜nl(c
+
nlmc
−
nlm + c
−
nlmc
+
nlm). (10)
One particle states {c+nlm|0〉} describe primary free
Abelian glueballs. The knowledge of explicit solutions
for the vector potential (6) allows to estimate densi-
ties of various vacuum gluon condensates. Averaged
over the time and polar angle vacuum gluon condensates
αs〈(Fµν)2〉 corresponding to magnetic modes ~Amν1111 and
~Amµ1111 are depicted in Fig. 3 (αs = 0.5 [33]). The os-
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FIG. 3: Radial densities of the magnetic vacuum gluon con-
densates αs〈F 2〉 corresponding to modes ν11 = 2.74..., (a),
and µ11 = 4.49..., (b); (n=l=1, m=0).
cillating behavior of the vacuum gluon condensate den-
sity was obtained before within the instanton approach
to QCD [34, 35]. Integrating the gluon condensate den-
sity over the interval (0 ≤ x ≤ 1) one can fit the value of
the vacuum gluon condensate, αs〈(F aµν)2〉 = (540MeV )4,
by fixing the effective glueball size parameter, a0 =
0.376Fm. With this, the energy spectrum of free Abelian
glueballs JPC is Enl = 197M˜nl/a0 MeV (J = l, P =
(−1)J+1 for magnetic glueballs and P = (−1)J for elec-
tric glueballs, C = −1 [24, 25]). Two lightest glueballs,
(1)+−, (1)−− of magnetic and electric types respectively,
have the same energy E11 = 1.435 GeV corresponding to
antinode ν11.
Certainly, the primary free glueballs are not observable
quantities since we have not taken into account their in-
teraction to vacuum gluon condensate. To estimate the
4effect of such interaction we use a method applied in
study of the anomalous magnetic moment of a photon
propagating in the external magnetic field [36, 37]. In
QCD the role of an external magnetic field is played by
the magnetic vacuum gluon condensate. Consider one-
loop SU(3) effective Lagrangian L 1−l in constant field
approximation [12, 19]
L 1−l = −1
4
F˜ 2 − k0g2F˜ 2
(
log(
g2F˜ 2
Λ4QCD
)− c0
)
, (11)
where F˜µν is an external Weyl symmetric Abelian color
magnetic field, the factor k0 =
11
64pi2
is proportional to
1-loop beta function, and c0 is a renormalization con-
stant. A corresponding one-loop effective potential im-
plies a value ' (70MeV )4 for the vacuum gluon conden-
sate, which is not reliable. However, the most impor-
tant property of the effective Lagrangian is the presence
of essentially non-perturbative structure which leads to
appearance of a non-trivial minimum of the effective po-
tential. Such a structure allows to derive an effective La-
grangian for physical glueballs with setting k0, c0 as free
phenomenological parameters. Following the method in
[36, 37] we split the external field F˜µν into two parts
F˜µν = Bµν + Fµν , (12)
where Bµν = ∂µBν − ∂νBµ describes the magnetic vac-
uum gluon condensate, and Fµν = ∂µAν − ∂νAµ con-
tains the Weyl symmetric Abelian gauge potential Aµ
describing the physical glueball. In approximation of
slowly varied vacuum condensate we decompose the La-
grangian L 1−l around the vacuum field Bµν correspond-
ing to a non-trivial minimum of the effective potential at
the value of vacuum gluon condensate
g2B2 = ΛQCD exp
(
c0 − 1− 1
2k0g2
)
. (13)
With this one obtains an effective Lagrangian for physical
Abelian glueballs in quadratic approximation
L
(2)
eff [A] = −2k0g2
(BµνFµν)
2
B2
≡ −κ(BµνFµν)2, (14)
where we neglect a term corresponding to an absolute
value of the vacuum energy, and κ is an effective cou-
pling constant. The effective LagrangianL
(2)
eff [A] is strik-
ingly different from a corresponding effective Lagrangian
in QED [36, 37]. Namely, the expression (14) does not
include the classical kinetic term −1/4F 2µν which has dis-
appeared due to non-perturbative origin of the vacuum
gluon condensate (13). Note that result (14) is model
independent, and it can be obtained from a class of La-
grangian functions which admit series expansion around
a non-trivial vacuum.
In a case of the lightest magnetic glueball the vacuum
gluon condensate is described by the vector harmonic
~Aml=1,m=0, ω = ν11, with one non-zero component
Bϕ(x, θ, τ) = N11xj1(ν11x) sin
2 θ sin(ν11τ), (15)
where N11 is a renormalization constant. The lightest
magnetic glueball is described by the gauge potential
Aϕ(x, θ, τ) which assumed to be time-coherent to the vac-
uum condensate field, Aϕ(x, θ, τ) = a(x, θ) sin(ν11τ+φ0),
with a constant phase shift φ0. A time-averaged effective
Lagrangian L
(2)
eff [A] leads to Euler equation for the field
a(x, θ) [18]. The equation is separable and implies an or-
dinary differential equation for a spherically symmetric
function a(x, θ) ≡ f(x)
r2b′2f ′′ − 2b′(b+ xb′ − x2b′′)f ′ −
ν211
(
ν211x
2b2 − ξν211x3j2(ν11x)b′2
)
f = 0, (16)
where b(x) = ν11xj1(ν11x), ξ ≡ cos(2φ0)/(2 + cos(2φ0)).
The coefficient functions in front of the first and second
derivative terms in (16) vanish at x0 = 1 (or r0 = a0).
This implies that a regular solution is localized inside a
finite interval 0 ≤ x ≤ 1, Fig. 4a. The solution has a
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FIG. 4: (a) Solution f(x) with a unit initial amplitude; (b)
a corresponding radial energy density E¯ /4piκ; (c) the first
derivative of the energy density; (d) the second derivative of
the energy density; φ0 = ±pi/2.
removable singularity at x0 = 1. To verify that solution
is physical we check the properties of the energy density
averaged over the time and polar angle
E¯ =
piκ
4x2
(
(2 + cos(2φ0))b
2f2 + 2 cos(2φ0)bb
′ff ′
+(2 + cos(2φ0))b
′2f ′2
)
. (17)
One can verify that the energy density and its first and
second derivatives are continious functions at x0 = 1, Fig.
4bcd. The solution with the phase shift value φ0 = ±pi/2
has a minimal energy, and the corresponding effective
Lagrangian vanishes identically as for the photon plane
wave. So the obtained solution for the physical glueball
is stable, it does not collapse and has the energy upper
bound 1.435 GeV provided by the energy of the lightest
free glueball.
In QED the photon anomalous magnetic moment leads
to changing the total angular momentum [37]. A simi-
lar effect in QCD provides the total angular momentum
J = 0 for the physical glueball. Quantum numbers of
5the glueball interacting to vacuum magnetic gluon con-
densate are defined in the same way as for two photon
system [38–40] and lead to two lightest magnetic glue-
balls 0++, 0−+ which might be identified with the ex-
pected lightest two-gluon glueballs [41, 42]. Note that
the lightest free electric glueball 1+− does not interact
to vacuum magnetic condensate due to the structure of
the effective Lagrangian L
(2)
eff [A]. So that it is fictious in
agreement with the Yang theorem [39, 42].
In conclusion, the proposed microscopic description of
a pure QCD vacuum reveals the Weyl symmetric Abelian
projection and Abelian dominance phenomenon. This
allows to describe a full pure glueball spectrum endowed
with a fine structure generated by off-diagonal gluons.
A detailed structure of the pure glueball spectrum and
generalization to QCD with quarks will be considered in
a separate paper.
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